Towards end-to-end ASP computation*

Katsumi Inoue
National Institute of Informatics

TAASP 2025 (TU Wien Informatics, November 25, 2025)

* Joint work with Taisuke Sato and Akihiro Takemura
(to appear in Neurosymbolic Artificial Intelligence )



Outline

1
7.
3.
4. Supplementary: Tools for Differentiable ASP (unpublished)

ntroduction: Towards Trustworthy Al
Background: Algebraic Approaches to Logic Programming
Main: A Framework for Differentiable ASP




Towards Robust Symbolic Reasoning

* Symbolic reasoning has been used
 to derive logical consequences of knowledge bases (represented in logical formulas);
* to compute satisfiable assignments of specifications (represented as constraints).

* Symbolic reasoning ensures the correctness of computation in terms of consistency,
soundness and completeness, supposing that given knowledge and input data are correct.

* Symbolic reasoning is explainable and interpretable, which gives a foundation of XAl.

Logical knowledge and derived theorems can be stored and reused.

The bottleneck exists in obtaining correct knowledge.

Reasoning algorithms lack scalability and are not tolerant to noise.

We often need huge commonsense as background knowledge.

:> These weakness could be covered by combining with Machine Learning methods.




Integrating KR and ML for Trustworthy AI

Symbolic/Discrete Space

* |nterpretability
 Explainability
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»Linear-algebraic logic programming

*Knowledge Representatlon

»Differentiable logic reasoning and learning
*Incorporating constraints into ML systems

! llll#$%&l$()*
| Object detection
I VQA, NLI, Robotics
I Biology, Physics, etc.
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Numeric/Continuous Space
**Machine Learning (ML)

* Robustness
o Scalability

High-speed algebraic computation on GPUs



Discrete/Symbolic! Continuous/Numeric
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Neuro(-)symbolic Al (NeSy)
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| Explainable models for black-box learning systems
* symbolic rule extraction from neural networks
e construction of logic circuits that simulate machine learning systems

| Hybrid systems (popular in NeSy)
* neural pattern recognition followed by symbolic problem solving
* verification of machine learning outputs by symbolic reasoning
* neural pattern recognition enhanced/constrained with symbolic reasoning

| Embedding symbolic knowledge in vector spaces
* knowledge graph embedding
* program syntheses, neural/differentiable programming

* neuro-symbolic reasoning: theorem proving, logic programming, answer
set programming, abduction, etc.

* large language models
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* Multi-label Object Recognition
I Agent detection
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I Action detection
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 Methods: Extend pre-trained recognition model, use Partial Weighted MaxSAT

 ROAD-R Challenge for NeurlPS 2023:
* NIl Team Results'** Task 2 (supervised) "#$ | Task 1 (semi-supervised) 3rd
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Requirements

Natural Language Explanations

{Ped, not PushObj }

{PushObyj, not Ped, MovAway, MovTow, Mov, Stop, TurLft, TurRht, Wait2X, XingFmLft, XingFmRht, Xing}
{Ped, not XingFmLft, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}

{Ped, not Wait2X, Cyc}
{Ped, not Stop, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}
{Ped, not Mov, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}

{Ped, not MovTow, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}
{Ped, not MovAway, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}
{Ovtak, not EmVeh, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFml ft, Xing}

{EmVeh, not HazLit, Car, MedVeh, LarVeh, Bus, Mobike }

{Ovtak, not Bus, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFml ft, Xing}
{Ovtak, not MedVeh, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFmLft, Xing}
{Ovtak, not LarVeh, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFmLft, Xing}

{OthTL, not Green, TL}
{OthTL, not Amber, TL}
{OthTL, not Red, TL}

{Ovtak, not Mobike, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFmLft, Xing}
{Xing, not Cyc, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, TurLft, TurRht, Ovtak, Wait2X, XingFmLft, XingFmRht}

{Cyc, not Ovtak, MedVeh, LarVeh, Bus, Mobike, EmVeh, Car}
{Cyc, not IncatRht, MedVeh, LarVeh, Bus, Mobike, EmVeh, Car}
{Cyc, not IncatLeft, MedVeh, LarVeh, Bus, Mobike, EmVeh, Car}
{Cyc, not Brake, MedVeh, LarVeh, Bus, Mobike, EmVeh, Car}

{Ovtak, not Car, MovAway, MovTow, Mov, Brake, Stop, IncatLeft, IncatRht, HazLit, TurLft, TurRht, XingFmRht, XingFmLft, Xing}

{Car, not TurRht, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}
{Car, not TurLft, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh}

{VehLane, OutgoLane, OutgoCycLane, IncomLane, IncomCycLane, Pav, LftPav, RhtPav, Jun, XingLoc, BusStop, Parking, TL, OthTL}

{Ped, Car, Cyc, Mobike, MedVeh, LarVeh, Bus, EmVeh, TL, OthTL}
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If an agent pushes an object then it is a pedestrian

A pedestrian can only push objects, move away, etc.

Only pedestrains, cars, cyclists, etc. can cross from left

Only pedestrians and cyclists can wait to cross

Only pedestrians, cars, cyclists, etc can stop

Only pedestrians, cars, cyclists, etc can move

Only pedestrians, cars, cyclists, etc can move towards

Only pedestrians, cars, cyclists, etc can move away

An emergency vehicle can only overtake, move away etc.

Only emergency vehicles, cars etc. can have hazards lights on

A bus can only overtake, move away move towards etc.

A medium vehicle can only overtake, move away, move towards etc.
A large vehicle can only overtake, move away, move towards etc.
Only traffic lights and other traffic lights can give a green signal
Only traffic lights and other traffic lights can give an amber signal
Only traffic lights and other traffic lights can give a red signal

A motorbike can only overtake, move away, move towards etc.

A cyclist can only cross, move away, move towards etc.

Only cyclists, medium vehicles, large vehicles etc. can overtake
Only cyclists, medium vehicles, large vehicles etc. can indicate right
Only cyclists, medium vehicles, large vehicles etc. can indicate left
Only cyclists, medium vehicles, large vehicles etc. can brake

A car can only overtake, move away, move towards etc.

Only cyclists, medium vehicles, large vehicles etc. can turn right
Only cyclists, medium vehicles, large vehicles etc. can turn left
Every agent but traffic lights must have a position

There must be at least an agent

1. Can these constraints help learning with small amount of training data?
2. How can hard constraints be 100% satisfied using neurosymbolic methods?



Adaptive Object Detection for ROAD-R/Waymo
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* extends MOD-CL, the winning model of ROAD-R Challenge for NeurlPS 2023

* seamless integration of the constrained loss into object detection models
 adaptive selection of 12 t-norms of fuzzy logic in evaluating constrained loss

* dynamic change of A (constraint satisfaction degree) by regularization scheduling
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Algebraic approach to logic programming

* Linear algebraic approaches to logic programming contribute to a step toward realizing
robust and scalable logical inference.

1. Matrix-vector product methods are used for exact computation, which can be
scalable, and are the basis for the differentiable method.

2. Differentiable methods are used for approximate computation, which can be
robust to noise, and are connected to machine learning.

* Machine learning of logic programs can be realized by computing matrix/tensor
representation of programs from input-output pairs.




Logical inference in vector spaces, |
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* P¢ (logic) program, constraints © matrix !
 |: assignment/interpretation " lvector".
*J=T ()={h| (h & b&..&b. )# P, {b.,..,b. }1$/}: immediate consequences

" lvector™ =% ("), where %i€ a binary threshold function

¢ 89+-*1-4.
I High performance computation based on the sparsity of matrices (Nguyen, Inoue & Sakama, 2022)
I Parallelism by GPU computation + partial evaluation (poss. exponential speedup)
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Logical inference in vector spaces, |l
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Differentiable reasoning & learning in vector spaces
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Differentiable computation of supported models

1. Embed a logic program 2. Define Loss function 3. Minimize the loss with
# into a Program Matrix $ w.r.t. continuous-valued gradient descent, to reach
Program interpretation such that supported models
I"# $" 1 Loss = 0 corresponds to
("# $" %&™") an intended model of #
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Differentiable computation of stable models J)3/-)<?FK’

1. Embed a logic program 2. Define Loss function 3. Minimize the loss with
# into a Program Matrix $ w.r.t. continuous-valued gradient descent, to reach
Program interpretation such that stable modﬁyels
I"# $" 1 Loss = 0 corresponds to
("# $" %&™) models of #
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Program Matrix %I #$
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Semantically inspired checks
Supported model

' +
# ( (_,_) " Unfounded set
" Loop formulas

Interpretation vector
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Loss function 189%$(/;'<6$=$>2(#0$/$9. @ @3)' (A$73A(<8

I Given
« $ : program matrix, shape: [|?eads]|, | @ |] #|@ | = 2-|Heads]|
 Obcandidate interpretation vector, shape: [| @ |, 1]
* AABA: Frobenius norm (2-norm)
* F,: thresholding function (parameterized /-thresholding)
BSOS, ) - #.S- IS/ 0L - &HIS/ Ogll2- "31 28}
\ J \ J \ J

| | |

1 l 2. l 3. l

When & is a supported model, Ty(& )=& Pruning fractional Penalty for

When this term is 0, we have F,($ %=% interpretations ‘forgetting’ facts

(0 if all elements are 0 or 1) (O if assignments on
facts do not change)




Logical reasoning realized in vector spaces L/+*(."1.*(AM'
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Similarities between minimization tasks

Matrix decomposition I' "# $'%]|: q;ilzjc?c::\l’x
Relation abduction IE+3(J$AC" & # &' || ()l;(lelgr;?(;c::’x
P . . _ 0-1 vector
Satisfiability IE+3($WS$H(P-;+$AC"# I #)*+"-.( #-/0||: ‘assighment’
Supported model IL+M';.*+ SVSK)(.'$SACAL D@,-.(#-D# -|: ’in’?e-rlp\;:s:\fi;n'
Supported model sl i i T 0-1 vector
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Application viewpoints

* We have shown that logical computation can be transformed to numeric
computation using algebraic representation.

* The methods have some effects on purely symbolic domains, e.g., random
instances whose solving heuristics are not well-known.

* But they are more effective on in uncertain environments, in which errors often
occur. Then we can construct (#B70Xkeasoning systems.

* Other expected domains exist on such )$1-(=2*-0!B-1C--$! #@T)-E-,!+-(*-+1)#J!
234'F)SIB)-E-,!(-20#3)$5in neurosymbolic fields.
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Answer Set Programming (ASP)

A declarative approach to combinatorial problems

A problem is specified by a logic program P

A solution (answer set) is a set of ground atoms representing a stable model of P
There are many applications: planning, diagnosis, robotics, NLP, KG etc

Potassco project (https://potassco.org/) has been main driving force in developing
ASP systems

In neuro-symbolic Al, ASP has been used for symbolic representation and
reasoning


https://potassco.org/

Stable model computation

Stable model semantics [Gelfond & Lifschitz 1988]
— Smodels [Niemela & Simons 1997]: bottom-up backtracking search

SAT solver based

— ASSAT [Lin & Zhao 2004]: incremental loop formula test
— Cmodels [Lierler 2005]: disjunctive adaption of ASSAT

CDNL (conflict driven nogood learning)
— clasp [Gebser+ 2007]: generalization of CDCL

Neural combined approach

4 5ASP/SAT [Nickles 2018]: ASP solver + decision literal by cost function

— NeurASP [Yang+ 2020]: ASP solver + (neural atoms + soft-max) + NN

— SLASH [Skryagin+ 2021]: similar to NeurASP + probabilistic circuit
Supported model computation by matrix encoding

— [Aspis+ 2020]: MD condition + cost function (quadratic polynomial, sigmoid)

— [Takemura & Inoue 2022]: SD condition + cost function (quadratic polynomial, ReLU-like)

No end-to-end approach to stable model computation exists



End-to-end ASP

We reformulate stable model computation for propositional normal logic programs in
vector spaces and compute stable models by minimizing a cost function

Unlike [Aspis+ 2020] and [Takemura & Inoue 2022], which compute 07++#(1-4!&#4-,Q
we compute 012B,-1&#4-,0oy

— incorporating *#$01(2)$18&nd ,##+!1=#(&7,20

— imposing no restriction on the syntactic form of programs such as the MD condition
[Sakama, Inoue & Sato 2017] and the SD condition [Sakama, Inoue & Sato 2021]

We compute a root' of a non-negative cost function L% by Newton’s method
— [9%s derived from strong disjunction min(x+y,1) in L7M20)-C)*(¥éal valued) ,#5)*

— - (x. y)=min(1, - (x) +- (y)) = min.(- (x) +- (y))



Matricized program | = (", #)

g8 (P 7 (q&"1) 8 (*q&s)
o ' g 7 ():emptybody
o H-= - ~q &s. =
#=6 z N q&s comp(#) =1 r 7/ '{}:empty disjunction
' \"S 7 {}: empty disjunction
. g r s ~p~q°r-s
(" e
9" (" 9" 99" 9" ("9 I p’s 1" rule has body q & ~r
9"9" 9" (| 9" ("9"9 | p’s 2*%rule has body ~q & s
e (=]9"9"9"9|/9"9"9"9 I g’s 1" rule has empty body (unit clause)
9"9"9" 9| 9"9"9" 9 I r has no rule
9" 9" 9" 9| 9" 9" 9" 9! I s has no rule
PP Qgrs
("( 9"9"9 I p has two rules #(1,:) 8 #(2,:)
. §- 9"9 ("9"9 I g has one rule #(3,:)
9"9 9"9"9 | r has no rule
9"9 9"9"9 I s has norule




Supported model

Given a normal logic program ! I"l#' $#% compute ! ’'s supported models
$in vector spaces

$is possibly a stable model of !
Put" =["123'459, where " 12% positive part of ", " 4% negative part of "
Let § be a binary vector as interpretation!%or !

I =G/ &in-((%*41G/ &) 0 &&*),) : truth value of rule bodies by )}
+, =min.($! ) : truth value of disjunctive rule bodies by )
+, =), iff ), is a model of comp(#)

iff ), is asupported model of #



Cost function ! and its Jacobian ",*

&'1=min. (#( ), ( =&! 'min.("123&! "§) # " 4565)
= (12098 1S 98K (1/2)e S (8! 'S (860
let) =&' ! 'S and * =I$; (&! '$). Then,
1= =(1/2)90 %% (1/2)$&aPH 9B
- 50 iff &'!=%.and $s binary
iff $'is a supported model of ! I"I#' $#%

. (:0)3)) :(*57)
5 = () # 885 )
= (1231 mas¥ ) gt (#2L(#( ) &L )N! Y
#"&@$((&! 2%%)" ), where, =" 12%& | '$)#"'456$_



Constraints and ! #

1 @=[RPO £"¢93represents a set of (integrity) constraints

& a & ~b.

e E le: (=4
xample: ( — b & ~c.

abc ~“a~b~c
@ [ && +&& -a & ~b.
+&& +&& - b & ~c.

@pos @neg
e ['=(G" (G/ min(- 1+, 1))) = |violated constraints|
where - 1 =# 7 (G &) :'#$%&,)#§ |false literals in constraint evaluation|

e [/ =0 iff everyconjunctin the body is evaluated false (constraint is satisfied)
S = (BPOS | 27€9)LQ, PIGQ




Computing supported models satisfying constraints

e Given a program #KIBRB6and constraints & we compute supported models by
minimizing LBV = [E- +5 @/ to zero

_ 1E = (1/2)& min($! )/ &,77081/2)65,6 Q.8 (G/ )) 7A (5:50)
— L' = (G} (G/ &nin(-1,1)))
* We use Newton’s method with Jacobian .,\&/ =0 & 6/
JE(= (96</ &1)'09G@ ($U(@56 19G8/))/ & 0&,(08 (G/ &)8 (G/ &6),)
4 =(@Pos | pnegyLe pPIGQ

e For stable models, we compute supported models from random initialization until a
stable models is found



Minimization algorithm

e Input: metricized program #IKIBRBG constraint matrix &
Output: binary vector ), such that LEV (),) =0
e 1: initialize ) Jrandomly
e 2:fori=1tomax_ try
forj=1to max_itr
threshold optimally ) .to binary ). and compute error = JEV (),);
if (error = 0) break ;
compute [EV =(E-0 58/ and .,V =.,E056/;
=),/ | QLEY /7&)E.]/ 7AA)&)E.]/ :
endfor
if (error = 0) break ;
perturbate )y;
endfor



3-coloring of GO

e Consider a 3-coloring problem of graph GO:
Nodes ={a, b, c, d}, color = one-of(red, blue, green) e
e Program': one-of(al, a2, a3) .. one-of(d1, d2, d3) a—
(_*B (D’*‘(E%******m*_z*‘(E%***** @(_’*‘(D%*
J *BID,* JEY****@I*2* JEY***EF2,* ID%*

$_*@*$D,* $EYHED*2 SEYH - BHET $DYo*
K_*@KD,* KE%****@&H*2" KEY%****®&E*2* K DY%*

XX_ ’*J_%*w ’*J D%*&'E:ZJ E%********g&] W*"
XX_’*$_%9GE2*$D%7'@E#$ E%*******‘ké&‘]w*"
E]_,*$_%’®E2 *$D%'@}Ek’2$ E%*******‘)j&\]w*"
) K @R *KDYEFEZKEY @R IW*"
K *$ YoKR *SDYOBKE: ZPE Yo***** 38 JW*"

Erarh X DHE* XIDIES SDSEK KK

**ia.c* b* I *k% I *ﬂdk#*** **lﬁc******lﬁc** I *kkk I *k* I *ié'




Matrix encoding

e P rogram $/3/4( % 5 _ I_(;\—_**J***$*** K** (**‘J**‘$**‘ K
wBEGGCGGGGGGGGGGGGGGGGGGGGGGGGGGGGGE
. 5+ (2*a@c***********_pc**********\
88R&& | BJ N e e L 7&&8&&8
&a &&&EEZEBL #-a $2******l**************[*************%48&&7 &8
T 8&&&EEEELEEEL K2 kkkkk:kkkkkkkkkkkkkk:‘:kkk;‘rk kkkkkkkz‘xkkk;i&;t%?n &
o _/
S*GH+3(;P0+<$+P<-)1&'$* & ! Y ,
#!"# " A

e Constraint @

e

)0@MH#/85*@":9):0(8$"

4 HSBEBSSISSSS55555555 M SIPACS
#ESSHHHP S 8R&T&&ET e _
| sossems|  m rasskar M d%e*!1%e& H%D*1%F&
T SOBISIIIRIGH [4*"KM$#  19%_*1%e& g%e!I%e&.
L $SSSEBEES )
8&+-)09/&-= &&?T@E)+ SEAT@R.,>&THS
| Y% &.’ | V0 | B-0C-9.*&9-,8-51&018&9&BD&E)+(&&F1+,:1G6&D0-,'H6&&)|

87177K?#L7MNO&DBP&&E)+(&?QM$&.,.0-=



3-coloring of cycle graph

e Consider a 3-coloring problem of cycle graph:
Nodes ={1,..,n}, color = one-of(red, blue, green)

e 3natoms: &(3n x 3n), #3n x 6n), #3n x 6n)

e #3-coloring_of cycle(n) = 2#="2;(#1)*

<)8Y":5"8%"*$M:Y" '$(6(J/6/#W
25 T T T T 400 T T T
" 0 2120 0
8567189 5(667" o .$/".%'0$&1'-'2%34.$%&
/-89%.: 5+6
20 r
300
15 +
é 727 200
10 | @P?+H<F*&NSP+*:
9Z&#CF,@C$?:<*=
100
5 .
0 CRNIANKNT L BT v e ST AT e O 1 L L 1
0 20 40 60 80 100 2000 4000 6000 8000 10000

itr n



Hamiltonian cycle problem

e Hamiltonian cycle (HC): a round trip visiting every city once
e Two types of encoding possible
— non-tight normal logic program + constraint [Niemela 1999], [Lin+ 2003]

normal logic program + constraint (none?)
_ . 3*+)<U(*;+3-()$3($
e We modify the SAT encoding of HC by [Zhou 2020] )0*)3&G$3-103$SH(1*+
& 1: nodejis in HC and visited at time q (1>i,g> K)

=1:edgei? jisin HC

(1) one-of(H(i,jg)..H(i,j-)) : outgoing edges are exclusive (1>i>K)

(2) one-of(H(ig,j)..H(i:,j)) : incoming edges are exclusive (1> i> K)

(3) H(1,j) @ U(j,2) : redundant and removed

(4) H(i,1) @ U(i,K) . if i? 1 exists, i is visited at time K (2>i> K)

(5) H(i,j) & U(i,g-1) @ U(j,q) :ifi?j exists and node i is visited at time g-1,
node j is visited at time g (1>1i,j> K, 2> g> K)

(6) one-of(U(i,1)..U(i,K)) : node i is visited exactly once (1>i>K)

(7) U(1,1) : node 1 is visited at time 1 (starting node)



Hamiltonian cycle problem (cont’d)

e We solve the HC problem for G1

e We introduce 72 atoms for H(i,j) and U(j,q) and
encode the HC problem as follows:

| &*)g391h!/, &Y Yphes* HEVH@:)5:(0%1]*K&
1g&**hI&Q*iI/j G&¥A! .j& - *kI_Fe*T* gg&
le&*+il & leD*T* Fe&

ID&8" G9'h! /5, &Y6YAHER:

edfs *R 11
IH&*h!/, %Al /- & - DBH(EHE &

4-0.&&R&P*,-S*&M5)/,&+0&C-)1CO0@&2:9*T@&

1d&)8" GOlil/, &Y%YAt&& “K (dd*T*_gg& 2)1C@&INZ1CR, #V @&?787

- +V" (/Y " h<; 2
hi_D&Eh!_E&*Q*h!_,g&% [ ——
I'D,g&*di! ,E&*Q*h! ,D&&* " $ild,E&*Q*h!d,D&&% _Gn*En*dBn*Hen*EBn*dBn*

85>++1'$3-;'$3($U-) =5+ SONS(>"$"CS3*-+&<$B(/3+>' SO SXNSSAACCS-biTs AP e dBn*IEn"din*_

7@]_* *m]*l.@]*(m]*@]*
Rttty

#/0";& H%D!d9 8F7GEF H% g% f%D!f%( d%D!e¥%



Loop formulas #

e \We can compute solely ).of a program P by matricizing the Lin-Zhao
theorem [Lin and Zhao 2004]:

)4is a stable model of P iff ). comp(P) and
e Loop formulas LF:

— Loop S = {p-,...,ppt : atoms such that there is a path from p_§o pgand vice versa in
the positive dependency graph of P; p has a self-loop when S = {p}

— Body(p) = G.; < ; &pwhererule (p:-G)# P and
G¥(positive literals of G, possibly empty) =& => (19 i 9 §)
when no such G_exists, Body(p) is false
— LF5(S) : OR-type loop formula associated with S
=(p+; < pM? (Body(p); < ; Body(pw)
— LF : the set of all loop formulas for P = { LF5(S) | Sisaloopin P}
e [F says every loop has an exit that calls atoms outside the loop



AND-type loop formula

e OR-type Loop formulas in the Lin-Zhao theorem [Li and Zhao 2004] can be
replaced by AND-type ones [Ferraris, Lee & Lifschitz 2006]:

LFgyo(L) = ) ? (Body(p-); < ; &ody(p\))
=(~p+; <; &p\ Vv (Body(p-); < ; &ody(py)
LF = {LFgyo(S) | Sisaloopin P}

e To reduce the computational difficulty (complete digraph has 2)-1 loops),
we heuristically choose a subclass of loops

/\()\ RCO<ORCR 2% 1 loops
‘\_/( )\/ = 4 minimal loops



Matricizing $! "'# by 1 $%&(Q

e Let) ={pg,...,p } be av-th loop in the positive dependency graph of $(3/4t6&5
“Hy () = (Pe&A & p)? (Body(pg) 8 A 8'Body(p))

e Introduce a non-negative function * of ).,by

- =B (1# min(* (v), 1))

— *(v)=Hy, (7 #")) HHy, )5, (v)i- (1> >'W) ((CrHHy, 1))
' T1@Q#H QOREIIITIIEITITIIEITITITEITITITES S SHHEFPS SIS STF IS SIS SF I TSI IS SIS THS
— Hyv, :) : v-th loop {pg...,p- }=[0..1..1..0] , (553
— , (v)(p, :) ={Gg,...,G4}, where Body(p) =Gg8 A 8'G;=[0..1..1..0]
— - = TH" Ming(#(7 #").) + #5%().), where # = [#5FE(] (+ 4,54V #M#V*Y (6M";*)9*:M6™* IR /"

e We can prove for a binary ).

I iff *(v) D 1for Ev iff ).,C*H., (S)for Eloop S iff

e .~ =b5*-/5)

il = BS& 8 (v) > 79; (8 (v) > 79(Hv, )3 + ((Hv, ), (v))2F 8 > 79#& (# #7$%))2)
where / (v) = Hv, :);))wand | = #3%7//() = #%(%.

)C Body(pg) 8 A 8 Body(pk)



Three LF heuristics

e There are exponentially many loop formulas LF
— elementary loops [Gebser+ 05], proper loops [Ji+ 14] introduced
e To guide minimization, we use a subset of LF associated with
— maximal loops: LFunax (= SCCs, self-loop must for singleton SCC {a})
— minimal loops: LFu#nin (= cycles, elementary loops)
— LFumin but with external supports for LFsmax: LFsminsmax

or may exclude some supported
models but never stable ones

e ' LFuminuwnax implies " . LF, so' :

is a sufficient condition for stable model "



Loopy program %

o See differences between three heuristics

Program ' 1:

o, @  [Bninemes
\ / — a2 :-al08al.
N

AN a3 :- a0 8 a4.

@ @ —a4 :- a0 8 a3.

supported models ={{}, {al,a2}, {a3,a4}, {a0,al,a2,a3,a4}} D°E&&p *0)K"6;
K

stable models = { G}

e Loop formulas exclude some supported models

LM1(N-&*n*(Itvg “WiDWEWE) * "o n(l,*(_,*(D,*(E,*(go
LM1Y) &*n*(IWg_) (D,*(rWgD) (,*(I*WEE) (g,
wrkeekkeeo ) (B, *WED) (1,*(E*wWeg) (I*o n(_,*(Do,*n(E,*(go

LM1Y) , I(N-&*n*(Iwg_ ) * *(I*wWgD) * *(I*WgE) *,
*****************(crwcw**ﬂ:ﬂ(_*WGD) * ,*(EW@) * 10 n(_,(Do,*n(E,(go,*n(I,(_,(D,(E,(go



Loopy program %2

e See differences between three heuristics Program ' 2:
- a0:-al&a2&a3&a4.
@ @ al:-a0 8 a2.
a2 :-a0 38 al.
H \0‘/ H @ ~ a3:-a08a4.
R a4 :- a0 8 a3.
@ 4 \@ a5 :- ab.
a0 :- ~ab5.

—

234%1 = 5 supported models, 1 stable model = {a0,al,a2,a3,a4}

e Loop formulas exclude some supported models

LML(N *a*n*(IW6 *WEDWEWE*) $ *(HF $ 0 (66*"T$"@#*N(1%%(gO
LM1") +a*n*(Ivg_$ (D, *(FwWgD) (L, *(I*WEE") g,
ey (E (WS (1, (EWE$ (" (H9 $ o (66" TS" @#N(1%%(go

LM1) , 1(N&a*n*(Ivg $ & ,*(I*wWD3 $ *(I*'WEES $ ,
*****************(crwcm*a$— ’9(_*\N$:)$ $ ,*(EW@$ $ ,*(H)’ $ 0 (66*;|\/|@@):#"K*0)K"6;



Loopy program %2 (cont’d)

e The effect of loop formula heuristics

Average time and trials to find a stable model over 10 runs

1>J;GBH IK>S@AB| LBEMMOKI;N LBI@OA;
JON;A JON;A

8)*LM 1% d E% E%E 1%0f
LM1(N 9%_ _ _ _
LM1' D%D
ML) ’ - — — pu #(J6"*0)K"6*
LML) , 1(N #"0O)M# H | "T$6MK"K

| O(Tq:"#:W**DIPETq/#a*HI

| /(6*8H(T q:"#: W R(Tq/#:&*$)0@MH(#/)8
| *M8*a*H*#:/(6;

I #/0"*a*#/0"*9):* |*:M8;*

| #/0")M#*a*Dgl;



Loopy program %2 (cont’d 2)

e Another solution constraint:
when a model {a,b} is found, add ( :- a&b.) to constrain for next solution

Average time and trials to find a stable model

@P9IQ;K(BOAEI»9P
?9PBIK@>PI 1>J;GBH IK>@AB

not used 11.46 10 000 8)*#(J6"0)K"6*9)M8K
KM"™#)%'(:8/85*/(;

used 0.09 3.5

I 8) <4CM;"K*!@M:"6W*;M@ @) :#"K*0)K"6*$)0 @ M#(#/)8&
| O(Tq:"#:Wa*DI, 0(Tqg/#:a*HI

L /(6*8H T g "#: W+ R(Tg/# M@K (7",

| *x:M8*a* |, I1I*#:/(6;

I #/0™*a**(Y".(5"*)9*_I*:M8;

e Useful and necessary for multiple solutions



Loopy program %2sn

e Generalizing P2 to P2gn (n: even)

- a(0):-a(1) &< &a(n).
A
a(2i-1) :- a(0) ; a(2i). for i=1..n/2
= a(2i):-a(0); a(2i-1). for i=1..n/2
A
a(n+1) :- a(n+1).
_a(0) :- ~a(n+1).

e Loop formulas
—  2™A1 supported models, one stable model M= {a(0),...,a(n)}
— LF _max={a(0) & a(1) &< & a(n)& ~a(n+1), a(n+1) ? &} allows M
— LF _min={a(1) &a(2) ? a(0), a(3) & a(4) ? a(0),..., a(n+1) ? &} allows M



Loopy program %2sn (cont’d)

e Scalability wrt n: time to find one stable model (left) and the total
number of supported models found (right)

<[+&+]J-&-3G h/(;S.3'=$<.SS(*3'=%;(='&<h

—6— LF_max 3 —6— LF_max

20 ¥ & 10 -

time(s)
#model

+ef3*GH$"C2$6f-3* H$"CC28HUSH A"
* no_*+is much faster than *+-./0 , *+-.1$ ,(left)

e no_*+computes non-stable models, but *+ {./O ,.1$}don’t (right)



More natural program: transitive closure

e Compute the Ifp of comp(' ¢

o { tr(X, Z) :- tr(X, Y) & tr(Y, Z).
tr(1, 2). tr(2,3). tr(2, 4). tr(3, 4).

— grounding ' .zgenerates 64 rules in 16 atoms
— matrix encoding gives (#(16x64) &(64x128))
e '.;has >34 supported models
— pruning by *+-./0 ,leaves just one stable model

+/0"+#)*Q/8K*(*:#(J6"+0)K"6

Adjacency matrix
_ >J,GBH of transitive closure

8)gqLM D%f [Fxx Kk Kk

LMOZ(N dE%g [k ek ery
[k kx| ok

+ef*3+G Y$"C2861-3* §$'CC I,

)657%@+M'<$3(($&()1

Domain ={1,2,3,4}

€g

@ -

€3 €5

*+-./0 ,works but
takes long time



Precomputation (1)

For a normal logic program P={a:-B&N.},putP ={a:-B.}

Let P= be the GL reduct of P by a stable model ),

— P~& P, solfp(P7)& Ifp(P’), hence every atom outside P’ is false in any stable model
Precomputation: partial evaluation by false atoms

— compute F & HBBIfp(P") in O(|P[), where | P| is the total number of atom
occurrences in P [Dowling+ 84]

— G’ = conjunction G with {&a& G | a# F } removed
- P={(aD&') | (aD&)#P, aEF, G&& =>}
-C={(DG)|(DG)#C, G& F =>}
)4is a stable model of P satisfying constraints C
iff )/ a stable model of P’ satisfying constraints C’, where )4= )/ +{a# F isfalsein )y}



Precomputation (2)

e The effect of precomputation on the HC problem example
— |HB| =72, |Fg| =32, so 32 atoms are detected as false, 40 atoms need to be decided

G1

Time to find one stable model

R

time(s) 2.08(2.01) 0.66(0.52)
matrix & 72x197 &040 x 90
size #: 194 x 144 #090 x 80

£ 67x144 #0352 x 80
| . U*(:$i8Sj<*k<$,.-='$3($1*)1(12$$
+ef3*GHSACIEE-3* YSACCH$ H$C4 - ; )



Precomputation (3)

e P2 n:n+2atoms
[ Agon ek A & ay.
| 3s%%a9 8 as. asgs ag B ag. ...
A4:8%% A&
Aokl A&
— 2#4%1 supported models, 1 stable
+/0"4)*9/8K*(*:#(J6"*0)K"6

Q65 A9 8 Ay Ay~ 98 Axg

model {ag,ag..ax} (only axg is false)

7

$)0@M#"'K*; M@ @):#"K*0)K"6;*/8*_I*#:/(6;

*— LF_min
—6— LF_max
6 —A—noLF

no_LF_pre

o
X

\\

#supported model
w
T

L L 1
20 30 40
n

50



Precomputation (4)

e P2 n+k:n+k+2 atoms

dgss dgex A & a2y aggr Yawe & A & Vay .
dgés Ag 8 as.

asgs A9 8 Ag. ... Awgis A9 B Ay Axi- Ag 8 Aug.
A% & +++ gy T Ay
— (2#421)(2 -1)+1 supported models, 1 stable model {ag,ag..a.} (~au.g..~ a4

+/0"*#)*9/8K*)8"*:#(J6"*0)K"6

—6&— precomp

0.05

—A— Clingo

sLshzs*a*HIIL_III_*NV"8*8*a*R*a*HIIl
ol *@:)0@MH#(#)8*#/0"*a*1%II11IH;

0.03 -

time(s)

+3%-e
<-d'

0.02 -

8&6%$$"CCC"$e$"a(
$ 55"aCCA$e$SAC

CA6$aCC"$e$"CCC;/
PSS CCCASe$'CC

0.01

CA
78*(*Y":W*@"$/(6*$(;",*8)*@ (:(0"#" * M@K (#"
MIMIKH(BKHM* (@ @:) ($V*$)0"*$6);"*#)*

$6/85)"Y"8* IW*)$#(Y"*/0@6"0"8#(#/)8&
9;<+-=>87 @) +- >877é>.=£@&&7#8@&9u,-9c,&04&87&+-)9:*




Summary

Supported models for a propositional normal logic program P with constraints are
computed in vector spaces for the 3-color problem and the Hamiltonian cycle problem

Stable models of P are computed based on the Lin-Zhao theorem by computing
supported models of P that satisfy AND-type loop formulas

We proposed three heuristics for loop formulas to avoid computing non-stable models:
— LFOmax by maximal loops (SCCs)

— LFOmin by minimal loops (cycles)

— LFOminOmax by merging LFOmax and LF_min

We also proposed precomputation to reduce program size

We empirically confirmed the effect of these by simple experiments
This is an initial study of differentiable ASP using matrix encodings
More elaboration is expected
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Outline of Differentiable ASP solver

| Differentiable solver for stable model semantics
I Incomplete, approximate solver

Parse the normal logic program |
Append "loop formula constraints”-.* to !
Embed ! +.* into matrix

B w N

Using a differentiable loss function,
update the interpretation vector with gradient information



Building blocks: Matrices and Vectors (1/2)

(: Program Matrix
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Building blocks: Differentiable Thresholding (2/2)

| Parameterized thresholding
 / :(n, 1) — vector, n=number of rules
e /_:number of literals in the body

* To check if the body of a rule is true
* %>/ _: body evaluates to true (then head is true) .

o q(. /0 LY - (L (- (L) 210

l minl thresholding 1

e To check ‘there is a rule such that...’ T
* Used with "Head Matrix” (same head rules) /
« FGHJK L

- 70 *,- (12! ./




Model Loss Function ursswese e +##+ o121

| Given interpretation vector. (n_atom, 1)
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1: Program Matrix

1, (./ =0iif. is a stable model 4. Conetraint Matrix
1. Mis a supported model / 78(! ) = &: Head Matrix
2. Mis a 0-1 binary vector 35 FaICt vector
3. Msatisfies none of the constraints »: False vector

": Interpretation vector
RelLU.: Parameterized thresholding
ReLUg: minl thresholding
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“Special” ASP rules
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Encoding special ASP rules in Program Matrix
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Lp2mat: a translation library

INPUT: #$%&ompatible ASP program
OUTPUT: Normal rules WITHOUT extended statements (matrix friendly)

Supported statements: #sum, #minimize (#maximize), #count

Not supported: #project, #external, #assume, #heuristic, #theory

How Lp2mat works
* 1. Grounding with gringo
e 2. Rule re-writing and expansion
Translate weighted cardinality rules into normal rules



Example: #sum statement
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NeSy Applications
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Inference: Given (/, q ) # Dataset, infer 10.

Learning: Given (/7 ,4, 10) # Dataset, train a model that infers 10.
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Summary

| Differentiable loss function for computing stable models
e Search is still a hard problem

| Lp2mat: Logic program to Program Matrix translator

I Neural-symbolic inference & learning:
* Learning without direct supervision labels



