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Abstract. We consider a particular subclass of normal programs that
we call simple guess-and-check (SGC) programs. SGC programs consist
of guess rules (i.e. rules without positive body atoms) and arbitrary con-
straints. Many simple combinatorial problems such as graph coloring can
be encoded via SGC programs. Moreover, constraint-free SGC programs
are known to have a close relation to abstract argumentation frameworks.
Our main result shows that for SGC programs the notions of strong and
uniform equivalence coincide (in contrast to general normal programs),
but do not amount to classical equivalence (as is the case of positive pro-
grams). Finally, we briefly discuss our results in relation to other classes
of programs.
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1 Introduction

We are interested in a particular subclass of normal programs which we call
simple guess-and-check (SGC) programs. A simple guess-and-check (SGC) pro-
gram consists of rules without positive body atoms and constraints. Despite the
noticeably limited syntax, many fundamental combinatorial problems can be
naturally expressed as SGC programs. We illustrate this with an example.

Ezxample 1. Below shows a representation of 2-coloring problem for a graph with
two vertices and edges are provided as facts.

colorlred <+ not colorlblue. color1blue < not colorired.
color2red < not color2blue. color2blue < not color2red.
1« not colorired, not coloriblue. L < not color2red, not color2blue.
1L < colorired, coloriblue. L < color2red, color2blue.
L < edgel2, colorired, color2red. 1 < edgel2, coloriblue, color2blue.

Moreover, SGC programs comprise the class of atomic logic programs [7] which
received some attention due to their close relations to different kinds of abstract
argumentation frameworks [1,11,6].

In this work we investigate different equivalence notions for SGC and atomic
programs. That is, classic equivalence where two programs are equivalent if they
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provide the same answer-sets; uniform equivalence [9, 10, 2] where two programs
are equivalent if they provide the same answer-sets when extended by the same
set of facts; and strong equivalence [8] where two programs are equivalent if they
provide the same answer-sets when extended by the same SGC program.

We show that for SGC programs (and thus also for atomic programs) the
notions of strong and uniform equivalence coincide, contrasting the case of gen-
eral normal programs, and can be characterised via SE-models. Though, these
notions still deviate from classical equivalence, which is in contrast to the class
of positive programs for which these three equivalence notions coincide.

2 Preliminaries

In the work we will consider (subclasses of) normal logic programs. We will
distinguish rules and constraints as follows. Rules are of the form

h < by,...,by,not byy1,...,n0t by.
and constraints are of the form
L by,...,0m,n0t byyy1,...,n0t by.

here h and b;(1 < ¢ < n,0 < m < n) are atoms from a first-order language,
and not is default negation. We also write r as H(r) < B(r) or H(r) <«
B*(r),not B~(r). We call H(r) = hthe head of 7, B(r) = {b1, ..., bm, not by, 11,
...,not by} the body of r BT(r) = {b1,...,by} the positive body of r and
B~ (r) = {bm+1,---,b,} the negative body of r. A rule r is a (non-disjunctive)
fact if B(r) = (). A rule or constraint is positive if B~ (r) = 0, atomic if B*(r) =
0, and unary if |BT(r)| < 1. Answer sets of a program P (in symbols AS(P))
are defined via the GL-reduct as usual.

A normal logic program (NLP) is a finite set of rules and constraints. In the
rest of the paper, we focus on propositional programs over a set of atoms from
the universe . We consider two subclasses of normal logic programs, namely
atomic [7] and simple guess-and-check (SGC) programs, which we define next.

Definition 1. A normal logic program is called atomic if all its rules and con-
straints are atomic and it is called a simple guess-and-check (SGC) program if
all its rules are atomic (but constraints are not restricted).

By definition we have that every atomic program is also a SGC program but not
vice versa. We next recall the different equivalence notions for logic programs,
i.e., standard equivalence, strong equivalence, and uniform equivalence. Notice
that we use a strong equivalence notion that is tailored to the specific classes of
programs we study.

Definition 2. Let P,Q be two SGC, resp atomic, programs:
— P,Q are equivalent, denoted by P = Q, if AS(P) = AS(Q).
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— P,@Q are uniformly equivalent (UE), denoted by P =, Q if AS(PUR) =
AS(P U R) for any set of facts R over U.

— P,Q are strongly equivalent (SE), denoted by P =5 Q, if AS(PUR) =
AS(P U R) for every SGC, atomic resp., program R over U.

Common characterisations of uniform and strong equivalence are based on
UE- and SE-models which we recall next [2,12].

Definition 3. An SE-interpretation is a pair (X,Y) such that X CY C U;
it is total if X =Y and non-total otherwise. An SE-interpretation (X,Y) is
an SE-model of a program P if Y = P and X = PY. An SE-model (X,Y)
of P is called UE-model of P if X =Y or there is no SE-model (X,Y) with
XcX cy.

We have that (normal) logic programs are strongly equivalent iff they have
the same SE-models [12] and uniformly equivalent iff they have the same UE-
models [2].

3 Characterising Strong and Uniform Equivalence of
SGC-programs

When characterising strong equivalence for subclasses of logic programs we can
distinguish two variants. First, studying whether programs of the subclass are
strongly equivalent in the larger class, i.e., with respect to arbitrary expansions.
Second, studying whether programs of the subclass are strongly equivalent within
the subclass, i.e., with respect to expansions within the subclass. For most classes
the result on strong equivalence where context can equally be restricted to unary
programs (see [8]) makes such a differentiation unnecessary.

Here we consider the strong equivalence notion tailored to the class of SGC-
programs: given two SGC-program P, @, does AS(P U R) = AS(Q U R) hold
for any further SGC-program R? Due to the restriction of the expansion R to
SGC-programs, it is not clear whether the known characterisation for NLPs via
SE-models applies here. In the following will re-establish this characterisation
and show that on SGC-programs both variants of strong equivalence coincide
with uniform-equivalence.

Let us start with some observations on certain properties regarding the SE-
models SE(P) of a SGC program P.

Proposition 1. Given SGC program P, the following hold

a) (X,Y) e SE(P) = (X',Y) € SE(P) for each X' with X CX'CY
b) X CY,(X,Y) ¢ SE(P) = there exists x € Y\ X with (Y \{z},Y) ¢ SE(P)

Proof. Point (a) is by the fact that for SGC programs the reduct PY can only
contains facts and constraints that are not violated by Y. As X = PY and X C
X' we have that X’ also contains the facts of PY. Moreover, as X C Y it does
not violate the constraints in PY. That is, X' | PY and thus (X',Y) € SE(P).
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(b)Y £ Por X =Y \ {z} for some x € Y \ X the statement is trivially
true. Thus let us assume otherwise. As Y |= P neither Y nor X C Y violate a
constraint in PY. Now, as (X,Y) ¢ SE(P) there must be a fact z € PY that is
not in X. That is, Y\ {z} &£ P¥ and thus (Y \ {z},Y) ¢ SE(P). O

Then our main result follows.

Theorem 1. For SGC programs P and Q, the following are equivalent

AS(PUR) =AS(QUR) for any program R
AS(PUR) = AS(QU R) for any SGC program R
AS(PUR) = AS(Q U R) for any atomic program R
AS(PUR) =AS(QUR) for any set R of facts
UE(P) = UE(Q)
SE(P) = SE(Q)

(

S G Lo o~

Proof. (1)=(2)=(3)=-(4) is by the fact that, in each step, we strictly refine the
class of programs R we consider.

(4)=(5) by the fact that logic programs are uniformly equivalent iff their UE-
models coincide [2].

(5)=(6): Assume SE(P) # SE(Q) and that, w.l.o.g., there exists (X,Y) €
SE(P)\ SE(Q). If X =Y, then we have AS(P) # AS(Q), which contradicts
(4). Otherwise, by Proposition 1(b), (Y \ {z},Y) ¢ SE(Q) for some x € Y \ X.
Also, by Proposition 1(a), (Y \ {z},Y) € SE(P). Since there cannot be another
(M,Y)e SE(P) with Y \{z} c M CY, (Y\{z},Y) € UE(P). This however
then contradicts (4).

(6)=(1) by the fact that logic programs are strongly equivalent iff their SE-
models coincide [12]. O

Hence, strong and uniform equivalence coincide for SGC-programs but it turns
out that in contrast to positive LPs where all three notions of equivalence coin-
cide [4], classical equivalence is too weak here.

Ezxample 2. Consider the two programs

P:l+nota L+ notb a+
Q:L+nota L+ notdb b+
P and @ have the same classical models, but are neither strongly nor uniformly

equivalent. That is, for both programs the only classical model is {a, b}, but for
R = {a +} we have AS(P U R) = () while AS(Q U R) = {a,b}.

Finally, we consider the computational complexity of the different notions of
equivalence.

Proposition 2. For SGC programs P and Q, the following problems are coNP-
complete:

1. Deciding P = @,
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2. Deciding P =5 Q, and
3. Deciding P =, Q.

Proof. As these problems are in coNP for normal logic programs [4] they are also
in coNP for the subclasses of SGC.

For the hardness it suffice to consider standard uniform equivalence. In
both cases we provide a reduction from the coNP-hard CNF UNSAT problem.
First, consider standard equivalence. Given a proposition formula in 3-CNF form
AL (i, V4, V 4,) with ¢;; being literals over atoms in X we construct an in-
stance (P, Q) with two atomic programs P, @ as follows: We define a operator «
that maps literals over X to atoms over X U X. Let z € X, we define a(z) =
and a(—z) = Z.

P={x<+notZ|zeX}U{ZTnotx|zeX}U
{L < not a(t;,),not a(l;,),not a(l;,),| 1 <i <m}
Q={L+)

Obviously, @ has no answer-sets. It is easy to verify that P has an answer-set iff
the formula ¢ has a model. That is, P = @ iff ¢ is unsatisfiable.

Now, consider uniform equivalence. Given a proposition formula in 3-CNF
form A", (€;, Vi, V 4;,) with £;, being literals over atoms in X we construct an
instance (P, Q) with two atomic programs P, Q) as follows: We use the operator
a from above.

P={l«+uzz|zeX}U{Lnotx,notz|czecX}U
{L « not a(l;,), not a(l;,),not a(ly,),| 1 <i <m}

Q={L «}

As before, (Q has no answer-sets. Moreover, one can easily verify that P U R has
an answer-set iff the facts in R represent a valid truth assignment on X and
this truth assignment is a model of . That is, P =, Q iff ¢ is unsatisfiable. By
Theorem 1 this also shows the hardness of strong equivalence. O

4 Discussion

The class closest to our SGC programs are singular programs [5], i.e., programs
that are both normal and dual-normal, which consist of either constraints or rules
with at most one positive body atom. It is interesting to observe that allowing
for one positive atom in the body already causes strong and uniform equivalence
to differ. Similar classes (including atomic programs) have been investigated by
Janhunen [7] in terms of expressibility. We leave a detailed comparison to these
classes (where constraints are restricted) for future work.

It is known that for infinite domains, deciding uniform equivalence of non-
ground programs is undecidable in general, while deciding strong equivalence is
co-NEXPTIME-complete [3]. Similar to positive programs, our results suggest
that for SGC programs uniform equivalence becomes decidable.
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