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Abstract. In this paper, we introduce a characterisation of answer set
entailment through a combination of monotonic proof theory and ab-
stract argumentation.

As the name suggests, answer set entailment is related to Answer Set
Programming (ASP). In particular it encompasses the questions of which
formulas hold in some or all answer sets. We study this entailment for
equilibrium logic, which is a logical characterisation of ASP.

Our argumentation calculus AAC proves a sound and complete axioma-
tisation of cautious and brave entailment in equilibrium logic.

The motivation behind this preliminary work is to study notions of ex-
plainability for answer set entailment, which, for example, can be used to
formalise inconsistency. By building on top of abstract argumentation, it
might be possible to use explanation techniques from that area in ASP.
Furthermore, while nonmonotonic proof theory is quite challenging, our
characterisation shows that argumentation calculi are achievable.

1 Introduction

Answer Set Programming (ASP) is a symbolic rule-based reasoning formalism
that has been used for various AI applications in numerous domains [21,24],
among them scheduling [2, 1, 36], product configuration [15], life sciences [23],
health insurance [7], traffic flow simulation [18], or psychology [28], to mention
a few. ASP allows for a declarative encoding of problems in a succinct manner.
Solutions for them are obtained from answer sets, which result from the eval-
uation of the encoding using an ASP solver. In this work, we study answer set
entailment, which intuitively formalises which sentences hold in every answer set
of a program. This concept itself is already of practical interest, and has been
applied for diagnosis [17] and planning [20]. Notably, answer set entailment is at
the core of abductive explanations [20].

Given the practical usage of ASP, questions of explainability have been raised.
Those questions or problems generally concern themselves with either answering
why certain literals hold in a particular answer set or why there is no answer
set at all, c¢f. Fandinno and Schulz [25] for a survey. Both these questions can
be formulated through answer set entailment. However, simply stating a valid
entailment is in general not an explanation on its own and needs to be justified.
Such justifications can be obtained via a formal proof system, incorporating the
logical base of ASP in its inference rules.
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Although ASP has some efficient solvers available [29,26, 3] and its model-
theoretic properties have been studied extensively, the same cannot be said for
proof-theoretic investigations. Given the nonmonotonic nature of ASP, obtaining
a proof calculus is non-trivial, but some attempts have been made (27,12, 34, 19].

In this work, we introduce an argumentation calculus for answer set entail-
ment, which combines a monotonic sequent calculus with abstract argumenta-
tion. This sound and complete characterisation is defined for equilibrium logic,
which generalises ASP to arbitrary propositional theories.

The calculus is intended to be a first step towards an investigation of argu-
mentation based explanations for answer set entailment. However, its concrete
study is still a topic for future work.

2 Preliminaries

We consider propositional equilibrium logic (EL) [32,33] over a propositional
language £ over atoms Atoms with the usual logical connectives A,V, D, — and
logical constant .

The semantics of EL is based on the logic of here and there (also called HT
logic), which is defined over the same language. An interpretation in HT logic
is a pair (H,T) where H C T C At. Whether an HT interpretation (H,T) is a
model of a formula ¢ (denoted by (H,T) | ¢) is inductively defined as follows:

- (H,T)}E L

—(H,T)=piffpe H

— (HT) = o A iff (H,T) b= and (H,T) =

- HT)FeVyY il (HT)EFgor (HT)EY

C(HT) £ DG T 9o g, and (H,T) i g or (H,T) ¢
— (H,T)E @ iff T} @ and (H,T) £ ¢

Note that whenever H = T, (H,T) | ¢ corresponds to the satisfaction
relation of classical propositional logic. By slight abuse of notation, we use T' = ¢
to refer to (T, T) = ¢ and call such models classical or total.

From the above semantics, two useful observations follow. The first is that
(H,T) E ¢ implies (T, T) = . This property is also called persistence. The
other important property is that (H,T) | —p iff T = -, i.e., negation is only
evaluated over T

An HT model (H,T) of a formula ¢ is an equilibrium model iff H = T and
for any other HT interpretation (H',T) such that H' C H, (H',T) = ¢. The
latter conditions is also referred to as stability. We denote an equilibrium model
(T, T) by T whenever convenient and we use a single set I to refer to classical
interpretations. As usual, a set of formulas is called a theory, and we say that
an interpretation is a model of a theory if it satisfies all contained formulas.

ASP programs are generally sets of rules of the form H + B, where H and
B are sets of literals. In EL, such a rule is encoded as an implication A B D \/ H
and a program is then a theory consisting of such an implication for each rule.
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As has been shown by Pearce [32], the equilibrium models of such an encoded
program amount to its answer sets.

From now on, whenever we talk about a program, we refer to a theory which
encodes an ASP program as described above.

We use I' |E ¢ to denote that a theory classically entails ¢ and I" =g ¢ for
entailment in HT.

We will assume some sound and complete HT calculus, e.g. the sequent cal-
culus from Mints [30], such that I" = ¢ is derivable iff I" =p7 ¢ holds. Mints’
calculus comnsists of the axioms I, ¢ = A, ¢ and I',—p, ¢ = A and the usual
rules for A and V. For D, we have the rules:

I-p=A I'= A p,—) ry=A 5
o> = A :

I'p= A1 I''—p= Ay
I'=A D9 "

Furthermore, the calculus requires the following nested rules for —:

I''-p=A == A I'= A —p,

A -
T,~(pAo) = A TS A (e AY)
F,—\(p,ﬂ’(/):>A -V FiA,—\(p FéA,—\’(/J -V
I=(pViy) = A I'= A~(p V) '
I''—p = A -p -5 I''—p= A I'= A, -5
I'~(¢>v¢)=A I'=A-(p>v) '

I'= A —-p I'—p=A

-/ —_— 17

I——p=A ! I'= A ——p

r

Regarding entailment relations in equilibrium logic, one usually considers two
variants. Brave entailment, denoted by I" R, ¢, holds if there is some equilibrium
model I of I where I |= . The other relations is skeptical entailment I' R, o,
which holds if ¢ holds in every equilibrium model of I'.

We follow the seminal work of Dung [16] and utilise argumentation frame-
works AF = (Arg,Atck) which are directed graphs consisting of arguments
a,b,c,... € Arg and an attack relation Atck C Arg x Arg.

A set A C Arg is called an extension, which is conflict-free if for each (a,b) €
Atck it holds that if a € A then b ¢ A; and stable if it is conflict-free and for
every b € Arg\ A, there is a € A such that (a,b) € Atck.

3 Argumentation Calculus

We now come the main contribution of this work, our argumentation calculus
AAC for equilibrium logic.

First, some additional notation. We consider £9f = {~¢ | £ € L£*} where
L' = Atoms U {—a | a € Atoms} and add the following rule to the HT calculus:
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¢, A= 1"
~p, A= T

Intuitively, ~p means that ¢ is “assumed” to be false.
The calculus AAC is then based on the following argumentation framework.
Let I" be a propositional theory, then AF(I") = (Arg, Atck) is defined as:

— Y = p € Argiff ¥ = ¢ is HT-derivable and X C I' U £%f;
— (a,b) € Atck iff

(a) a: I'=peArgand b: ~p, X = ) € Arg, or

(b) a: "= 1 € Arg and b € Arg.

What we will now show is that by looking at the stable extensions of AF(I)
we can characterize the consequences of I

The framework consists of arguments which are derivable sequents in HT.
Such an argument is potentially attacked, whenever it requires the assumption
that a literal is false and it’s attackers are the arguments — i.e. sequents — which
derive said literal.

A special case is any argument which derives L, such an argument attacks
all other arguments including itself. The latter ensures that any classically in-
consistent theory has no stable extension.

Lemma 1. Let I' be a propositional theory. If I has no classical models, then
AF(I') = (Arg, Atck) has no stable extensions.

Proof. If I' has no classical models, then I" = L is derivable, as the existence of
an HT model (J, I) implies that I is a classical model. By the definition above,
there is a set of arguments A C Arg s.t. for each a : X = ¢ € A, it holds that
¢ = L and ¥ N £%f = (). The latter implies that no argument in A is attacked
by any argument outside of A, but we have (a,b) € Atck for each a,b € A and
in particular for a = b. Suppose now that there is some stable extension F. If
E N A #(, then there is some a € E N A which attacks itself and E is thus not
conflict-free and not stable. Otherwise, if E N A = (), then there is a € A such
that a € E but by construction, a is not attacked by any argument in E. Hence,
FE cannot be stable.

Lemma 2. Given a propositional theory I' and AF(I") = (Arg, Atck) with stable
extension E and formula . If there is an arqgument X = —¢ in E, then there
is mo argument @ = ¢ in E and vice versa.

Proof. Towards a contradiction, suppose X = ¢ and @ = —p in are E According
to Lemma 1, E being a stable extension implies that I is classically consistent.
Now, suppose ~—p € X and ~p € @. The latter implies that © = —p is derivable
and thus in F as any attack would also attack @ = —a. However, ©® = —p attacks
Y = a since we assume ~—p € Y. This contradicts FE being a stable extension.
Furthermore, the case where ~—p € © and ~p € X follows mutatis mutandis.

Hence, the two arguments do not contain contradictory assumptions and
since I is classically consistent, it follows that X' U © is consistent in the sense
that X, ©® = L cannot be derived.
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Considering our assumptions that X = ¢ and © = -y are in E and thus
derivable, we obtain that X', @ = ¢ and X, ©® = —¢ can both be derived due to
monotonicity. The latter implies X, @ = | can be derived. Contradiction.

We will start by showing how AF(I") captures brave entailment, for which
we give some auxiliary results.

Lemma 3. Given a propositional theory I and interpretation I. If I = I" and
I'" = p for everyp € I, where I" =T'U{~a|a g I} U{~a|a €I}, then I is
a stable model of T.

Proof. Towards a contradiction, suppose I is not a stable model. Then, there is
some (J,I) = I' s.t. J C I. However, I'" = p for every p € I implies J = I.
Contradiction.

Intuitively, the above states that if the theory has a classical model and every
atom in the model is derivable, then the model is stable. The other direction of
this statement is captured by the next lemma.

Lemma 4. Given a propositional theory I with stable model I. Then, I'' = ¢
is derivable iff I =, where I'' =T'U{~a|a g I} U{~a|a € I}.

Proof. Tt can be seen that I'” has only one classical model which is I (interpreting
~ like a normal negation). Furthermore, since I is a stable model of I', (I, ) is
also the only HT model of I" and thus of I"". Since the HT calculus is complete,
I'" = ¢ is derivable iff T = .

A further important result we need to establish, is that extensions do not
contain contradictory derivations.

Lemma 5. Given a propositional theory I and AF(I") = (Arg, Atck) with stable
extension E. If there is an argument X = a in E, where a is an atom, then there
is no argument @ = —a in E.

Proof. Towards a contradiction, suppose X' = a and © = —q in are E According
to Lemma 1, E being a stable extension implies that I" is classically consistent.
Now, suppose ~—p € X and ~p € O. The latter implies that © = —p is derivable
and thus in F as any attack would also attack © = —a. However, © = —p attacks
Y = a since we assume ~—p € Y. This contradicts F being a stable extension.
Furthermore, the case where ~—p € @ and ~p € X follows mutatis mutandis.

Hence, the two arguments do not contain contradictory assumptions and
since I is classically consistent, it follows that X' U © is consistent in the sense
that X, © = L cannot be derived.

Considering our assumptions that > = a and © = —a are in E and thus
derivable, we obtain that X, = a and X', ©® = —a can both be derived due to
monotonicity. The latter implies X', ©® = L can be derived. Contradiction.

With those results in place, we can show that brave entailment, i.e. the
existence of an answer set where a certain formula holds, implies the existence
of a stable extension containing a derivation of said formula.
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Lemma 6. Given a propositional theory I' and formula . If there is a stable
model I of I' such that I = ¢, then there is a stable extension E of AF(I") =
(Arg, Atck) such that ¥ = ¢ € E.

Proof. Let I" =T'U{~a | a & I} U{~—a | a € I}. Clearly, I'"" =pr ¢ follows
from I |= ¢ and thus I'” = ¢. Consider the following extension E, which includes
every argument X = 1) where XN L9 = (). We call those the classical arguments
Furthermore, F includes X' = ¢ where ¥ C I'U{~a |a € I} U{~—a | a € I}
which are dubbed the assumptive arguments. Note that I being a stable model of
I" implies that [ is a classical model. Hence, we do not have any attacks between
classical arguments, since there is no argument of form X' = 1. Suppose we
have an attack between two arguments a : X7 = @ and b : Xy, ~t¢ = x of
E. By construction, either (i) ¢ =~p or (ii) ¥ =~-p. If (i), then p &€ I but
I'" = a which contradicts I being a stable model of I" by Lemma 4. Similarly,
(ii) implies p € I but I'" = —p which also implies that I is not a stable model of
I'. Hence, E is conflict-free and it remains to show that every argument not in £
is attacked. Any argument b ¢ E necessarily contains some assumption ~1) such
that either (a) ¥ =~p or (b) ¢»p =~-p. If (a), then by construction, p € I and
thus I'" = p € E which attacks b. If (b), then p ¢ I which implies I'" = —p € E.
Clearly the latter argument attacks b which is thus attacked in every case.

For the other direction, we proceed by first establishing that every stable
extension of AF(I") characterizes some equilibrium model of I".

Lemma 7. Given a propositional theory I' and AF(I") = (Arg, Atck) with stable
extension E and I = Atoms \ {p € Atoms |~p = —p € E}. Then, I = {p €
Atoms | X' = p € E for some X'}.

Proof. We start by showing I C {p € Atoms | ¥’ = p € E} Towards a contra-
diction, assume there is some p € I for which there there is no X' = p € E. The
latter implies that ~p = —p is not attacked by any argument of E and thus
either F is not stable or the argument is in £. The former is a contradiction but
the latter implies p & I by construction and thus also a contradiction.

Remains to show that I O {p € Atoms | ¥ = p € E}. Again towards a
contradiction, suppose there is some p € Atoms such that X' = p € E for some
X, but p € I. The latter implies ~p = —p € F and by Lemma 5, F is not stable.
Contradiction.

Lemma 8. Given a propositional theory I’ and AF(I") = (Arg, Atck) with stable
extension E and I = Atoms \ {p € Atoms |~p = —p € E}. Then, for every
argument @ = ¢ in E, it holds that © C X, where ¥ = I'U{~a | a €
Atoms,a ¢ I} U{~—a | a € I}.

Proof. Assume towards a contradiction that there is some argument © = ¢ in
E s.t. © € X. By construction the latter implies that there is some p such that
(a) ~p € XY and ~—p € O or (b) ~p € X and ~p € 6.

Suppose (a) holds, then ~p € X implies that ~p = —pisin F by construction.
Thus, © = ¢ is attacked since ~—p € © which contradicts E being conflict-free
and thus stable.
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If (b) holds, then ~—p € X implies p € I and thus A = p € F for some A by
Lemma 7. However, A = p attacks © = ¢ since ~p € © and thus contradicts
F being a stable extension as it contains both arguments.

Now we can show that having a stable extension implies the existence of a
stable model.

Lemma 9. Given a propositional theory I and AF(I") = (Arg, Atck) with stable
extension E and I = Atoms \ {p € Atoms |~p = —p € E}. Then, I is a stable

model of I' and I |= ¢ for every formula ¢ iff there is some argument A = ¢ in
E.

Proof. First, X = ¢ is not in E, which means it is attacked by some argument
in E. However, if the attacking argument is of form © = p, then by construction
~p = p € E and would also be attacked, which contradicts E being stable.
Similarly, if the attacking argument is @ = —p, then there is some argument
II = p since p € I and thus E is not stable by Lemma 5. Hence, the argument
Y = pisin E.

By Lemma 7 for each p € I, © = p € FE for some A. Now, by Lemma 8, @ =
p € E implies © C X where ¥ = I'U{~a | a € Atoms,a € I} U{~—a | a € I}.
Due to monotonicity of the base calculus, X' = p is derivable which implies that
I is a stable model of I" by Lemma 3 if I = I". The latter holds since otherwise,
Y = 1 and since X = @ isin E, also X = 1 is in E and attacks all other
arguments contradicting that F is stable.

Similarly, A = ¢ in E implies X' = ¢ and thus I = ¢ by Lemma 4. Also,
the argument A = ¢ is in E where A = X.

The following results then follows from the lemmas proving both directions.

Corollary 1. Given a propositional theory I' and formula ¢. Then, I' Ry ¢ iff
there is a stable extension E of AF(I") = (Arg, Atck) such that ¥ = ¢ € E.

Proof. Follows from Lemmas 6 and 9.

We further want to establish that we can characterize skeptical entailment,
where the consequence has to hold in every stable model, as well. In order to
achieve this, we simply have to show that there is a one-to-one correspondence
between the stable extensions and stable models.

Lemma 10. Given a propositional theory I' and AF(I') = (Arg, Atck) and
formula . If for every stable extension E of AF(I), there is an argument
Y = p € FE, then I |= ¢ for every stable model I of I

Proof. Towards a contradiction, suppose for every stable extension E of AF(I"),
there is an argument X = ¢ € FE, but I [~ ¢ for some stable model I of I.
Clearly, I }~ ¢ implies I = —p and by Lemma 6 there is some stable extension
E st. Y = —p € E. By Lemma 2, © = ¢ ¢ F for every © which contradicts
our initial assumption.
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Lemma 11. Given a propositional theory I and AF(I") = (Arg, Atck) and for-
mula . If for every stable model I of I' it holds that I |= ¢, then there is an
argument X = ¢ € E in every stable extension E of AF(I").

Proof. Towards a contradiction, suppose I = ¢ for every stable model T of T,
but there is a stable extension E of AF(I') such that there is no argument
Y = pin E. By Lemma 9, I = Atoms \ {p € Atoms |~p = —p € E} is a stable
model of I" and thus I = ¢ by assumption. Now, again by Lemma 9, there is an
argument X = ¢ € E. Contradiction.

From those lemmas, it directly follows that AAC captures skeptical entail-
ment.

Corollary 2. Given a propositional theory I' and formula @. Then, I' R, ¢
iff for every stable extension E of AF(I') = (Arg, Atck) there is an argument
Y =>pek.

Proof. Follows from Lemmas 10 and 11.
To summarize, we have shown the following.

Theorem 1. I' ke, ¢ iff there is a stable extension A of AF(I") such that I’ =
¢ € A, and I' R, ¢ iff for each stable extension A of AF(I") it holds that
I'=¢ec A

We conclude this section with some examples.

Ezample 1. Consider program P; = {a < —b; b + —a} with answer sets
AS(Py) = {{a},{b}}. Then AF(P;) has two stable extensions E; and Fs.

The first extension E; contains, among others, an argument aq : a < —b,b
—a,~b = a, whereas E5 contains an argument as : a < —b,b + —a,~a = b.
Clearly, those arguments attack each other in AF(P;) and by the theorem above
both P; Ry, a and P; R, b hold.

Ezample 2. Consider program P, = {a < b; b < a} with answer sets AS(Pz) =
{0}. Hence, it holds that P, R4 —a. Now, AF(P;) has one stable extension E,
which contains an argument ~a = a. Given that a cannot be derived, no matter
what literals we assume to be false, this argument is never attacked.

Ezample 3. Consider program P3 = {p < —p} with answer sets AS(Ps) = ) and
thus P R, L. Now, AF(P;) contains the self-attacking argument p < —p,~
p = p and has no stable extension.

Ezample J. Let Py = {a A—a} which has no answer sets — and not even classical
models — and thus Py R, L. Now, AF(Py) contains the all-attacking argument
a A —a = L and thus has no stable extension.
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4 Related Work

Regarding related work, we group it into work on other proof systems for equilib-
rium logic or ASP, encoding stable model semantics into argumentation frame-
works, and related argumentation calculi.

For the latter, one approach was directly given by Dung [16]. However, this
encoding only captures so-called supported models and while every stable model
is a supported model, the converse only holds for a specific class of programs.
Namely, tight programs [22]. A complete characterisation of stable models se-
mantics was achieved by Bondarenko et al. using an extension of Argumen-
tations Frameworks, namely, Assumption-based Argumentation (ABA) Frame-
works [13]. In difference to standard AFs, ABA frameworks are defined over a
deductive system which is represented as a pair (£, R), where L is the language
and R is a set of deduction rules. An ABA framework is then a tuple (T, 4b,),
where T, Ab C L, Ab # () indicating a knowledge base and a set of abducibles,
and : Ab — £ maps any o € Ab to its complement @. In an ABA framework,
arguments are essentially pairs (A4, ), where A C Ab, ¢ € L, and ¢ can be
derived from T'U A using the rules in R.

Hence, in stands to reason that we could also encode our approach for equi-
librium logic in an ABA framework, where R are the rules of the HT calculus
including the (~;)-rule and the abducibles Ab are £ with ~I = [. However,
this idea does not capture attacks in AAC from an argument I" = | and sim-
ply adding 1 to Ab would create too many arguments. This means that with
this simple ABA encoding, we cannot capture that the AAC framework for a
classically inconsistent theory, has no stable extension.

While this marks a difference in our approach and a potential ABA-based
one, it might still be possible to achieve the overall goal of characterising answer
set entailment and using AFs for explainability. However, such investigations are
topic of future work.

Several proof systems for ASP can be found in the literature. Bonatti [11]
introduced a resolution calculus for answer set entailment and provided another
calculus for brave entailment [12]. The latter is different from the notion of en-
tailment we study in the sense that the consequence does not need to hold in
all models but rather in at least one. The calculi differ from their classical coun-
terparts and operate on pairs of sets of literals and suffer from some drawbacks:
they support only normal logic programs and rely on a rather complicated no-
tion of counter-supports which is not axiomatised by the calculus but computed
externally.

Gebser et al. [27] presented a tableau calculus which is aimed at axiomatising
satisfiability and how solvers obtain their solutions and thus differs in motiva-
tion from our work. However, it can also be used for answer set entailment by
translation of the entailment into an inconsistent program. While their calculus
supports a large number of advanced ASP language features like disjunction and
weight constraints, it does not cover arbitrary nested formulas like our calculus
does. Furthermore, some rules in their calculus heavily rely on global syntactic
notions which only work for programs.
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Proofs for ASP also appear in the context of proof logging that ASP solvers
provide to justify whenever they report unsatisfiability [4,14]. However, those
proofs are generally not geared towards human interpretability but rather veri-
fication and are not very concise.

Proof-like systems have been used to provide explanations as to why certain
atoms are, or are not, in a given answer set [35, 5]. While the explanations given
by those approaches share some similarity with a formal proof, they are not
actual complete proof systems and cannot be applied without a model. Further-
more, they are limited to the basic ASP language.

For equilibrium logic, there are less systems. Recently, Eiter and Geibinger [19]
introduced a sequent calculus for equilibrium logic, which generally behaves like
a standard sequent calculus, but also includes a complex rule relying on an HT
refutation calculus which axiomatises non-entailment. The latter is sometimes
required for excluding unfounded sets.

Pearce et al. [34] introduced a tableau system for equilibrium logic. Their
approach works in several stages. In the first stage, a dedicated calculus for total
HT models is used to enumerate all models. With another dedicated calculus,
those total models are then checked for stability in the second stage. Finally, in
the last stage, it is checked via tableaux whether the given formula holds in the
previously obtained total and stable models.

The fix-point characterisation for equilibrium logic [33] does not axioma-
tise the inference relation over equilibrium models, but rather only provides a
definition of stable models via HT entailment and model selection. The charac-
terisation can be used in conjunction with an HT sequent calculus [31] to justify
the atoms in an equilibrium model in a proof-theoretic manner.

Argumentation Calculi have been studied for default reasoning [9] and deontic
reasoning [10, 6], which essentially characterises Input/Output logic. The latter
system has further been applied for explainability [8].

5 Conclusion and Future Work

We introduced the argumentation calculus AAC for equilibrium logic, which
soundly and completely characterises answer set entailment. The characterisa-
tion is based on stable extensions of an argumentation framework, which consist
of all monotonic derivations we can make given a set of assumptions. Attacks
are then intuitively defined as contradictory derivations.

As we have mentioned in the beginning, the motivation for this work is to
investigate explanation approaches for argumentation frameworks in the context
of equilibrium logic. With the cornerstone now set, such studies can be conducted
in future work. Further future work includes alternative encodings of answer
set entailment in argumentation and related frameworks, like the previously
mentioned ABA ,and the investigation of which formalism proves the best basis
for explanation.
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